4’-0 Coun Eing Laces

MAaIN QUBSTIONS
o How many J-dimensiovel facer can a
polytope hove for come 8€ §0,.. -1} €

Can we completely chavacteritc porrible

Lace nuomberr oe polytopes 4

Def: Tne lisy of numbers

f‘T —?P)z ( J(o, 0[1; "'(3[‘0(—-1 >

With fé = JFS (P) = #-(’ace_c oF ob'rmenesov) S
is called ihe J['— veckor o€ P.

Fg: 2D: fo=f, onad 4§ =3

completely characierrzes f-vectors in

dimenssen) ol= 2 .

Whed relehovr exi'sy betweecn tvicee Loce Nnuvnbers



&) EBulers polyheatrol Lormula

avicl fovne cc'/n.oeclu@ncw

V-E+F =2 & holds €of all
O¢€ {o‘ -f, t ,]CZ = 2 connectedd plenar

Ex: prove i+ by l'noeucdw‘\@lj grapns

adagmg verhces avdat
ealges.

o {-vectore of 3-polytoper have boen
completely chovackerizeot

—_rh_YI].: (.g'@\‘nﬂ?)
‘fg ('fo( 'ﬁ.:&) S cwn JC'V@OI-O*“ of a B'Po(gl-ope i-F{-'

() fo-1 ¢ -Fz, = 2 (Euler) NOTE: polar cwalh‘\j
(i) &= 3(0 - chz ~& dual {qu' the f—vecw\r
(i) ¢ = JCZ = Zj[o B

(JOJ (f?)
° no pPeoot but T tell yoo wiere £, P fo
(fi) el C(fl') cewe {rowm :
Withoovt acoldine vertsees
= vy to meximize the nuwwmber ot edgar anat 2-facer

b&f oeoectmg Colges unlil you cand without watkivig

Yhe grapn nom-plavior



—> gsaph becomesr G

'E’vrc(vxgulefhom

- leJ'S‘ comnt inciotent+ Eclge - tace

Pafrg in lwe ooayg

> 2.1=2 71

€ {£3e £ cef

— 4= %4
— 2= Lo fi b= - 20,0 8,

- fo-3h2

(i) —> {, = 2ot

Sinte we maxim: et {' 2
hie ¢ en r'ne_?ccolﬂg (or

eneval plonov e
(i) followe frovn aQue,].‘JJ J ptenev grvap



Some consequences 0f Euless polyhedral {brmuiq

o (ef'c count incvadewd vertex - dge pavre

'n geveral planay gvaphe -

— 2f.
26, = Z_ 8) = &, — L= =
v
foo
Vettex clegree Qveroge clegree
o awvgl incrolen) €ace—e.o€9e pairs -
= _ ¢ 2€q
= = — = —
2@1 .G 8_(43 g ‘Cz 2 3_

i )

gonality (number averoge gooqh%\c/
Of veYtices of G
2- €aee)

° Dlug Mnte Eulere polyhealeal Cotmula

= Zz
2= {ombatdy = FH T T
T e e A
5§ & 2 f1 7 2




Coc: o EV@\’g( 3-polytope has a 2-Loee wilh oF mogf
{ive verkees

o Every 3-polytope has a vertex ot degeee cf

ve .
Moek {‘IV ’ _E_X_: € all verlrex~—de31e@3
5 B are ewewn tnen P hag
A 'I?Cvmoeg l-heo\'s {oc polytopes a +nowmguiar 2-Loeo

(oc: Euery polylope has a 2-face +het is a ftriangle,

Q‘uadmmgle or pentegon.

fioot * every polyjope has a 3-£ace fo whon Iue
previow cosoilary applico. [

BUT: wrove 1¢ knocon |

Tnm - (Kalar) Cuevy d-polylope with ol 2§ has a
2-face {hot+ & Qither a triangle or quodrensle .

Mote : the G-dimensesoma( 120-ceil hae Onlj Penicagono(
2- facec.
Can Similav Jnhinge be raiol Qbout V)-éhev —cl rrmeneonc(
foces ?

OFEV : Do all J‘U(:F-:'an@an high - 6brrmensevonal polytopes
hove ¢ 3-face thot+ is erther a felrahedlron ov

a Cube *



Interluele - i€ c polytope clefermined by it {-veetor 3

") N_Q, a(mad’g hol frue » c2'menwvion 3.

anol
j/

N e ——

have the ceme
£-vector (12,24,8)

have the ¢eme
{-vector (&,12,6)

® Simple psocedure €or creakng counterexow pled:

Clip an
QCZSQ

S
/7




A glimpee ot the Buler- Poincars I1denkity

(): Does Euwlery P@thQdV‘C«L {oMula 980@(0&'26

{o higher climeneiome ! Anol in whicn €arm 7

2D fo = 4, = 0
3D fo -4 t £, = 2
«D fo':F:+3ca-'F3 = 0
5D fo-fit hh-Ffatf, =2

Tre pattern becemer clearer f we nelude £, endt {y

3D —:{‘-l'(-fo—'Fl""Fz—'Ca = 0
— Jo-fiefp = f£,¢F =2 v

4p -f_l+-fo--(-',f(;_'{3+-ﬁ(‘=0
— ‘.FO-'('I'("F?,."[3='F-;—'FQ=O v

“The right generalizakion seeme fo be
Tom - (Buler- Poincars icdentty)  Foc o - polytope halds
d ) d- | )
Z (—l)'-,’-'.- =0 Or @quivalently Z (-I)‘]l'.- = 4*(-1)‘1
t=-1 =0

( proot will be given next week ; we need : &’heuabrl#g)

o Tnie ¢ e Ov\(tf (inear relatren twot Wolds betuwegn Lhne

-FGCe'numb@N’ ot a generel potvae !



(1’2 Tne Dehn-fommoeville egu.atfam‘

* Much move can pe Larol cboot Jhe :F-Véol-or‘ i€

lhe polytope ie ¢imple ov &vwnplicisl

Th_"ﬁ - (Dehn-dommermnile eq_uah‘orm_)
Pec R eimpre
For cll k€ {0,...,d. $ holaly
S i)y - 2o
v [l = - d-¢ - .
o (-1) [h)f .--Zafk( 1) (d-k)f,

Remarkr :

® mignt ook §cary but becovne mueck nicer Gfier
G base chenge
° DS‘@Q {or e vl ot~k are equivalent
e ihese are [9/2] Cinearly indeponolont equalions
—> knowing only hate the f-vec(or

We can reconctruct ke mieeing entmee

Reof :
© We choote a generic — -
direchhory CE [Ed 16X% 17 ¢ TC

ovient Hhe edge-graph accmaan’wslg



e define ht = FF verkcer with ook-degree = ¢

J

—> we $hocw +et out (V)= H# edlger poirhing oJt of L

Hhege numbere arc

(n¥epenatevt of ¢ !

—> they are combinatomal invariante of P.

o we @xpresc tne {-vecker in Feoms of tne by .

J[k/ 05%573 (%) - Z (£)k

1. euvery {cce of P Cenkarng a wmigue
Mnime( veviex wrt. {ne onentehov)

Ev
7. euery fet of k eager emanahing {rowm
e vevrikex belongd to a unigue faee (only
true {or fimmple poigropec )
° Wwe ¢how hot therelore the hE ave alre dererminedt

by tve f-uector |'r>oﬂepenacem+ of C.

S
¢ define  Flt):= ngt et Hls) = = hit

ol A
— H 1) = Zh;(ﬂ-l)' = i 2. ()"
)

=0 k=0
ol [ .
SR 2L (L) by
k=0 =k
() &



—> d-{,c and ihe h,-c inalepenaent of C avot

we cen weite H aud h; nskeaq -

Det: h-vectoe b= (ho, .. e )
o Lupev immportant I'n moaen polytope ~Hneorj
6 {he “r\’gm woy "Yo (ook at foce nuwnbere
0 appesre euetywnee * —rconsruchon {romm ihe odlge -gYeph
—Ccovnput ivig volumen [ﬁ)rhovl—-lln@ocd)

—hellngy

e Since dhe h; are ndepencewnt of the direchon vecter

h: = hi = h:° (=) bl = hg;

1. if | @alger arc going ouvt of L {hen
d-" edges are commg in .

7. C—+-C 'ﬂfp@ In- and oVt-going eagel

Dehn-Sommaervite eguahoms
i hf = hd—"‘l.- in h-boere. 9

e nove that H(4) = F(t-1), bherecore
cl ..
he= 2C1) (£)f:
kS o1 (£)f

which yields jhe @guakone in f -bais. |



?emorlcr\j
e k=0 grves the Euler- Poincers idenhly €or

Limple | eimplicial polytopes
e the h; count comething | therelece h; 20 cner

we get porentally wceful Mogqualities:

ho = 1
h = fd—l —-d
hy= fa-z - (=1 o + (&)

® much girongey n'nequal\'}s‘@n are knocown

[hw s the h-vectoc ¢ unimedle |

.e. its ewtries increare , cwviol th@u alecreace

with only ovne peak.
ho £ h, <2 I"Ldlz.l - If’ref/z?2 2 b
Tnis is a deep fheoremn (see g- theorem leter )

® |f a polytope is > Ldlg_l -heighborly Jhew pore Iuew
half of Iwe evitner of f—vecl-or agwee with Smplex
—> f-vector ¢ {he Came ar ¢iroplex

—> Ex: it ic @ svmplex

® Wwe cen cowpube (ull {-vector of cyelic polytope Cyln)

- k=[] o= (ee)



— k> [ ] -
3, d/J k-1
1_. -
Je = . n[r:)c 1512) L’ lcm%—\i;)(rk'i*é)
J=¢

where 8= 0 if ol te ewen , and d=| orrecwie.
> Sy (G oY) € O(n®'?)

o The Denn—-JSomwmwevville eciuoh'avm are Hhe ownly
Cinecr relakeme Getween the Lace numbere of

simple ( &xwpheral POIS)"OPQP

Qpplgmg ine e -Somwarville equah‘om' fo parkeulov

polyteper {ov whien 1S knocovy Lthat lue £oe—nomberr Qucode
%% poﬂ'aw{ cewbiatorial &Q(la@nao_s can é{f@(ae novel

relakone ,l

Examg@



4. 3. TTne upper bowmoal +heorem & g - thecrem
i \V

° given a d-polytope with n verhexr | how
maovy k--f‘acgp can it hove €

© Not only fs e vpper bounot ktnown e
evew @xicks o polytope which atfame thie
bounat ¢or cll kI

—> +he thch‘c polytope Cqn)

—I_V)Ly) : CUPPer bomna? theovrem >
€ P s a d-polytope wiih n verticee tnev

Je(P) = f (Cyon) ) dovouc

e This is one ot the big theavem . Comb natorial
proofs ore kenocwwv | but the moketn app roacheS

Cré vig COMwmutahve algebre .

) J[’\/CGFO'Y‘C’ ot 5,'w;pl@/_¢fmp)t'cfcl pol(diopa(‘

are cownpletely Chavacten'rec!

4 -vector —> h- vector > g.-Vvector

(Achmlla : {he g-veatore got cle8erfical )



Tho = Bn f—ved—or belengs to a &mplicial polytope
£ ile g-veckor i€ an M-gequence .
J

M—J'@c)zuemoe meenp Gy =1 cnd
9,,> 9Ca) 2 O

£
where & N— IN rp fome not oo

compliceclec? {cevichon,

© Ownly proven 20(& by Kacive Adliprosiio usmg

Some czu,r#c qotvanced algebrairc #ecnm‘gaes.



4‘. l(' Other {cels about :)[ace NuMbers

° is thic picture of the {ace [aHice cccurate ¢

P
{. Q: s the f-vector
unimodlal| <
NO awnd £or genevat
polytopec Countevexowmples
cewny e constructea?
%]

(§ i
q wite 800)"3 .

Exavwple :
® -('—Veckw of cgo,!fe Polg!—ope Cc( n)

peace ot o~ 3/q,d —> cducl pecks et ~ ,Ed
3 =

L.

N

> yfelde comterexampler wilk =& ana 5~ 7000
or ol = g9 onat a[oN ISOO




e C, ) # Co?Cn) ic N@ther g'mple noc Sunpiero|
® in fact , +is Enown thet for ol = IS
Simpie [ Simplicial polcd)'opef hoe & uun'wmodeal
f - vecter .

© BUT? us;'mg {he 3~4Meo:em Comievexamplies
cem be €owol coth  ol=20 , [, = [6F
Oy cl = 30 ( 3[0 = Q‘.,Z

—

o Qi is it true tuot the foce lettice Is +hinnest
on fop or botomE

°

fe = wir (o, Fa-r )

—> Just solvedt iy year (2022)! by [oshua Hinmen

—_———

© ghape of b-dimensional {-vector con be

wecsuredd more pr@c::r'e(\‘f

1+t 42
£o € :F3

OPEV ¢ (s e fatnecs of l—polyloper Hocnaest 7

f&4n@£’$‘ (P) :=

© Hagheet known fetnese s G+£



OPEL = Does¢ inere exgr a &-polytope all whose

3-fccer cre icocaheava ©

—> € yes | +hre polytepe wodx Uewe v
oukcianatingly large {of neer

° A ot Of ongeing recearch Yries fo generaliee
heighborlynese | Dehn-Lommerville | Upper bounals

ancl chovacterschone (o other claostar:

- Cem{-mt(g cymm etric

— Cubrecal



