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4 Counting faces

MAIN QUESTIONS
O How many d dimensional faces can a

polytope here for some de 0 d

What relations exist between these face numbers

Can we completely characterize possible
face numbers of polytopes

Def The list of numbers usually
not included

F IP Eyto tz fa fa
I

with for folP faces of dimension S

is called the f vector of P

Eg 2D fo f and fo f 3

completely characterizes f vectors in

dimension d 2



4 1 Euler's polyhedral formula

and some consequences

U E F 2 holds for all

or fo f tf 2 connected planen

graphsEI prove it by inductively
adding vertices and

edges

f vectors of 3 polytopes have been

completely characterized

Te Steinitz

F fo f fz is an f vector of a 3 polytope iff

i fo f tf 2 Euler
NIE paar duality

ii 4 E fo E 272 4
flips the f vector

iii 4 Efz E 2 fo 4
dual

E Ino proot but I tell you where

ii and iii come from

try to maximize the number ofädgestanzfää
by adding edges until you can't without making

the graph non planer



graph becomes a

triangulation FEATevery 2 face is a triangle

let's count incident edge face

pairs in two ways

Zf Ee FEI
3 f

f 32 fz

2 fo f fz fo Zfzt fz
fo Efz

iii f E Ifo 4
since we maximized fz
this is an inequality for
general planar graphsii follows from duality



Some consequences of Euler's polyhedral formula

let's count incident vertex edge pairs
in general planar graphs

Zf
Zdf

Öfo fo TE
i

vertex degree average degree

and incident face edge pairs

2E gift Gf fz

GETI
Gonality number average gonality
of vertices of a

2 face

plug into Euler's polyhedral formula

2 fo fzt fz Ff ft f

tötet
we know that 8 3 Balinski

f E tz tz 5 6

g 6 likewise ö 6 byduality



Co Every 3 polytope has a 2 face with et most

five vertices

Every 3 polytope has a vertex of degree at

most five E if all vertex degrees
are even then P has

Ramsey theory for polytopes a triangular 2 face

Every polytope has a 2 face that is a triangle

quadrangle or pentagon

Prof every polytope has a 3 face to which the

previous corollary applies Il

BUT more is known

Tha Kalai Every d polytope with d 5 has a

2 face that is either a triangle or quadrangle

Note the 4 dimensional ho cell has only pentagonal
2 faces

Can similar things be seid about higher dimensional

faces

OPEN Do all sufficiently high dimensional polytopes
have a 3 face that is either a tetrahedron or

a cube



not included in the lecture

Interlude is a polytope determined by its f vector

NO already not true in dimension 3

and I have the same

f vector 12 24,8

6gonal prism
truncated
tetrahedron

and
have the same

f vector 8 12,6

Simpleprocedure for creating counterexamples

flip an
t.IE



A glimpse at the Euler Poincore identity

Q Does Euler's polyhedral formula generalize
to higher dimensions And in which form

2D fo f
23D to f tz I I Täterin

4D fo f fz f
SD fo f fz f f 2

The pattern becomes clearer if we include f and for

3D f fo f fz fg O

fo f fz f tf 2
1 1

4D f fo f t fz fast f 0

fo f fz f f f O V

The right generalization seems to be

The Euler Poineare identity For a d polytope holds

F Elif 0 or equivalently C 1 if 1 C 1
d

proof will be given next week we need Shellability

This is the only Linear relation that holds between the

face numbers of a general polytope



4.2 The Dehn Sommerville equations

Much more can be said about the f vector if

the polytope is

fine
or
semifinal

edge graph all feces areÄ simplicesis d resulor
flipped f vector

Tha Dehn Sommerville equations
PC Rd simple analogously for simplicial

For all ke 0 d holds

d

Eineilich Enten lädt
Remand

might 1001 Scary but become much nicer after

a basischen se see proof

DSeg fork and d k are equivalent
these are Latz linearly independent equations

knowing only half the f vector
we can reconstruct the missing entries

Proof
we choose a generic
direction Ekd and

Orient the ease graph accordingly

t



define hi vertices with

Ige
i

we show that out to eases pointing out of v

these numbers are

independent of e

they are combinatorial invariants of P

we express the f vector in terms of the hi

Alf E Y FI i niVE Fo IP
out o k

1 every face or P contains a unique
minimal vertex wert the orientation

Ex
7 every set of k edges emanating from

a vertex belongs to a unique face only
true for simple polytopes

We show thot therefore the hi are also determined

by the f vector independent of e

define FA fit and tilt Fü hit
i O

H D Fühlt III FÜNF d t

Fü t EE ic hi

Ig tief FA



H and the hi independent of c and

we can write Hand hi instead

Def h vector P ho ha

super important in modern polytope theory
the right way to look at face numbers

appears everywhere reconstruction from the edge grap

computing volumen Ehrharttheory

Shellings

a since the hi are independent of the direction vector

hi hi hi hi hd i

t
1 if i edges are going out of w then

d i edges are coming in

7 e flips in and out going edges

Ihi Dehn Sommerville equations
in h basis

note thot Hlt FCZ 1 therefore

h_ Ist 1 Elfi
which yields the equations in f basis El



RÜTI gives the Euler Poincare identity for
Simple I simplicial polytopes
the hi count something therefore hi 20 and

we get potentially useful inequalities

ho 1 20 trivially true
h fan d 0 easily verified

ha ta z d 1 fan L 20 not so trivial
anymore

much stronger inequalities are known

Tim the h vector is unimodal

i e its entries increase and then decrease

with only one peak

ho Eh E E hat hat 2 ha

This is a deep theorem see g theorem later

If a polytope is 1912 neighborly then more then

half of the entries of f vector agree with simplex

f vector is the same as simplex

Ex it is a simplex

we can compute full f rector of cyclic polytope Calm
KE Latz f ich not included in

the lecture



K Latz

a TIEFER FEE
where 8 0 if d is even and 8 1 otherwise

fan Caen E 04912

The Denn Sommerville equations are the only
linear relations between the face numbers of

simple simplicial polytopes

Applying the Dehn Sommerville equations to particular
polytopes for which is known that the face numbers encode

important combinatorial sequences can yield novel

relations not included in the lecture

Emme X

permutanedron associahedron

n Catalan numbers



4 3 The upper bound theorem g theorem

given a d polytope with n vertices how

many k faces can it have

not only is this upper bound known there

even exists a polytope which attains this

bound for all k

the cyclic polytope Caen

Tim upper bound theorem

If Pisa d polytope with n vertices then

P E f Caen for all k

This is one of the big theorem s combinatorial

proofs are known but the modern approaches
are via commutative algebra

f vectors of simple simplicial polytopes
are completely characterized

f vector h vector m given
go I gut ha ha

Actually the g vectors got classified



The An f vector belongs to a simplicial polytope
iff its g vector is an Miene
M sequence means go 1 and

G Gk 0

where 0 IN IN is some not too

complicated function

Only proven 2018 by Karim Adiprosito using
some quite advanced algebraic techniques



4 4 Other facts about face numbers

is this picture of the face lattice accurate

unimodal

f
wo and for genera

polytopes counterexamples

can be constructed

quite easily

Example
f vector of cyclic polytope Calm

peaks at d dual peaks et d

3

t

connected sum gluingpolytopes along faces
adds up the f vectors almost

Yields counterexamples with d 8 and for 7000
or d 9 and for 1500



Calm Ccm is neither simple nor simplicial
in fact it is known that for ME 15

simple simplicial polytopes have a unimodal

f vector

BUT using the g theorem counterexamples
can be found with d 20 fo 169

or d 30 to 47

Q is it true that the face lattice is thinnest

on top or bottom

Sie min fo fa Bäräng's conjecture

just solved this year 2022 by Joshua Hinman

Shape of 4 dimensional f vector can be

measured more precisely

fatness P fjff
thickness in the middle

thickness at top and
Gotten

OPEN Is the fathers of 4 polytopes bounded

Highest known fitness is JE



OPEC Does there exist a 4 polytope all whose

3 faces are icosahedra

if yes this polytope would have an

outstandingly large fotness 10

A lot of ongoing research tries to generalize

neighborly ness Dehn Sommerville upper bounds

and characterizations to other classes

centrally symmetric

cubical all faces are cubes


